Some new oscillation criteria for the first-order delay differential equation
INTRODUCTION
The qualitative properties of the solutions of the delay differential equation
where p t G 0, tt, and lim t s ϱ, have been the subject of t ªϱ w x many investigations. The first systematic study was made by Myshkis 12 . w x Since 1950 when Myshkis 11 obtained the first oscillation criterion for Ž . Ž . Eq. 1 , the oscillatory behavior of 1 has also been discussed extensively w x in the literature. We refer to the monographs 1᎐3 . Now it is well known Ž w x w x. see Ladas 4 and Koplatadze and Chanturija 13 that every solution of Ž . 
Ž .
We remark that 2 is a sharp sufficient condition which has been extensively exploited in the study of the oscillation of various functional differw x ential equations. For example, see 1᎐3, 9 . In the past decade, there have been many papers related to the improve-Ž . Ž . w x ment of conditions 2 and 3 . The readers are referred to 5᎐9 . In w x Ž . particular, Yu and Wang 9 proved that every solution of 1 is oscillatory if Clearly t ª ϱ as k ª ϱ. k Ž . We assume that the coefficient p t is a piecewise continuous function Ž . and satisfies 5 . To the best of our knowledge, the best result on the Ž . w x oscillation of 1 is obtained by Elbert 
Remark 1. For the following equation
Ž . By Theorems A and B, we see that every solution of 12 oscillates for any Ž .
On the other hand, 12 has a nonoscillatory solution for any 0 -K -1r8e if ␣ s 2 or K ) 0 if ␣ ) 2 or K F 0. Clearly there is a gap between 1r2 e and 1r8e; therefore, Elbert w x and Stavroulakis posted the following open problem in 5 .
Ž . Problem C. Can the bounds in conditions 9 and 10 of Theorem A can be replaced by smaller ones?
Our aim in this paper is to solve the above open problem. The main results are the following. 
where lim s . It follows that Ž . Ž . implies 13 . We remark that the bound 1re in 15 is a half of 2re in 9 . Ž . H ty Let k G k q 1 such that the inequalities above hold for t G t s t q k .
Ž . that y t ) M for t y F tt and y t s M. By 20 we have
Ž . This is a contradiction and so 21 holds. Let lim z t s l. There exist t ªϱ two possible cases:
Then for any t G t , we have
Ž . t G t . From 20 and 21 we get 
Ž . This shows that inequality 24 has an eventually positive solution. On the w x Ž . Ž . other hand, by a known result in 16 , condition 14 implies that 24 has no eventually positive solution. This contradiction completes the proof. 
PROOFS OF THEOREMS

Ž . Ž .
It is easy to check that e x r e ) x for x / e. Ž . Ž . By interchanging the order of integration and using 5 and 33 , we have Ž . Then by Lemma 2 d we have e y Ne y r -2 er i q 2 .
Ž .
i i Ž . Multiplying 37 by m q i we obtain 
